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In this contribution we describe how to obtain instanton effects in four dimensional gauge 
theories by computing string scattering amplitudes in D3/D(-l) brane systems. In particular 
we study a system of fractional D3/D(~l) branes in a Z2 orbifold and in a Ramond-Ramond 
closed string background, and show that it describes the gauge instantons of N = 2 super 
Yang-Mills theory and their interactions with the graviphoton of N = 2. Using string theory 
methods we compute the prepotential of the effective gauge theory exploiting the localization 
methods of the instanton calculus, showing that this leads to the same information given by 
the topological string. 



§1. Introduction 



The relationship between string theory and perturbative field theories has been 
■ thoroughly investigated for many years. The study of non-perturbative effects in 

string theory and their comparison with field theory is instead much more recent. 
\ In particular, only after the introduction of D branes it has been possible to sig- 

fSJ 1 nificantly improve our knowledge and address some non-perturbative issues using 

^! . string theory. For instance, it has been shown 0>I3>© that the instanton sectors of 

N = 4 supersymmetric Yang-Mills (SYM) gauge theory can be described in string 
theory by systems of D3 and D(— 1) branes (or D-instantons) in flat space. In fact, 
the excitations of the open strings stretching between two D(— 1) branes or between 
a D3 brane and a D-instanton, are in one-to-one correspondence with the moduli of 
^ the SYM instantons in the so-called ADHM construction (for comprehensive reviews 

on the subject see, for instance, Ref. ®). 

The above remarks have been further substantiated® by showing that the tree- 
level string scattering amplitudes on disks with mixed boundary conditions for a 
D3/D(— 1) system lead, in the infinite tension limit a' — > 0, to the effective action on 
the instanton moduli space of the SYM theory. Furthermore, it has been proved that 
the same disk diagrams also yield the classical field profile of the instanton solution, 
and that these mixed disks effectively act as sources for the various components of 
the gauge supermultiplet. This approach can be easily adapted to describe SYM 
theories with N = 2 and J\f = 1 supersymmetry and their instantons: instead of 
considering D3/D(-l) systems in flat space, one has simply to place the branes at 
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suitable orbifold singularities. 

This description of gauge theories by means of systems of D-branes has proven 
to be very useful also to account for the deformations induced by non-trivial grav- 
itational backgrounds. For instance, non-commutative gauge theories and their in- 
stanton sectors can be efficiently described by considering D3/D(-l) brane systems 
in a Kalb-Ramond background 61 . Similarly, by placing the branes in a particular 
R-R background, non-anti-commutative gauge theories can be described and the cor- 
responding non-anti-commutative instanton solutions can be determined ^ . More 
recently, the string description of instantons has lead to new developments. In fact 
it has been shown in several different contexts that these stringy instantons may 
dynamically generate new types of terms in the low-energy effective action of the 
SYM theory with very interesting phenomenological implications ® . 

In this contribution, which is mainly based on Ref. ™ , we will concentrate 
on J\f = 2 SYM theory in four dimensions and study the non-perturbative low 
energy effective action induced by instantons when a R-R graviphoton background 
is switched on. We show how to determine the non-perturbative gravitational F- 
terms in the M = 2 prepotential exploiting localization methods DDE} _ 

The instanton sectors of J\f = 2 SYM theory with gauge group SU(iV) can be 
described by a system of N fractional D3 branes and k fractional D-instantons in 
the orbifold K 4 xCx C 2 /Z 2 where the orbifold group 7*2 acts as the inversion of the 
last two complex coordinates. The gauge theory degrees of freedom are described by 
the massless excitations of the open strings stretching between two D3 branes, and 
can be assembled into a J\f = 2 chiral superfield in the adjoint of SU(iV) 



String amplitudes for the string vertices corresponding to the SYM fields of Eq. (j 1 • 1[) 
on disks attached to the D3 branes give rise, in the limit a' — > with gauge quantities 
fixed, to the tree level (microscopic) N = 2 action for SU(iV) SYM. 

We are interested in studying the low energy effective action on the Coulomb 
branch parameterized by the v.e.v.'s = a u S uv of the adjoint chiral superfields 

breaking SU(iV) -> U(l) Ar ~ 1 . From now on we will focus for simplicity on the SU(2) 
theory broken to U(l), and thus we will deal with a single chiral superfield <P and a 
single v.e.v. a. Up to two-derivatives, M = 2 supersymmetry constrains the effective 
action for <P to be of the form 



where the prepotential F(<P) is a holomorphic homogeneous function of degree two. 

The main purpose of our discussion is to show how the instanton corrections to 
the prepotential arise in our string set-up, also in presence of a non-trivial super- 
gravity background. In particular we will show that the low energy excitations of 
the D(-l)/D(-l) and D3/D(-l) open strings in the Z 2 orbifold exactly account for 
the ADHM instanton moduli of the M = 2 theory and that the integration measure 
on the moduli space is recovered from disk amplitudes. Moreover, we show that the 
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N = 2 super-instanton solution for the fields appearing in Eq. (|Tlj) is obtained by 
computing one-point open string amplitudes on mixed disks. The fact that the in- 
stanton center and its super-partners decouple from the D3/D(-l) and D(-l)/D(-l) 
interaction show that these moduli actually play the role of the N = 2 superspace 
coordinates; therefore the instanton induced prepotential F(<P) may be identified 
with the "centered partition function" of D-instantons coupled to c^EKES 

This identification opens the way to several generalizations. In particular, one 
may extend the above procedure to include also non-perturbative gravitational terms 
in the effective action by computing the instanton partition function in a non-trivial 
N = 2 supergravity background. In our context, this amounts to compute the 
D(— 1)/D(— 1) and D3/D(-l) open string interactions in presence of a closed string 
background, and obtain the deformed integration measure on the instanton moduli 
space from mixed disk diagrams involving both open and closed string vertices. In 
particular we will consider a N = 2 graviphoton background with self-dual field 
strength F + and determine the instanton induced prepotential F(^, W), where W is 
the Weyl superfield whose first component is related to the graviphoton field strength 
T + . In this way we may obtain from mixed disk amplitudes the gravitational F- 
terms of the form (R + ) 2 (J- + ) 2h ~ 2 , where R + is the self-dual Riemann curvature 
tensor, which have been previously computed^ from topological string amplitudes 
at genus h. Therefore, the application of localization methods to the instanton 
calculus shows an interesting relation EDEJ w ith the topological string which is 
worth further investigation. 

§2. The D3/D( 1) system 

As we mentioned above, the k instanton sector of a four-dimensional SYM theory 
with gauge group SU(iV) can be described by a bound state of N D3 and k D(-l) 
branes « of fractional type in the space K x M 6 . The amount of supersymmetry 
possessed by the SYM theory depends on the features of the internal six-dimensional 
space M 6 . If we want to describe M = 2 gauge theories, we can choose M 6 to be the 
orbifold C x C 2 /Z 2 . 

In the D3/D(-l) system the string coordinates X M and ip-^ (A4 = 1, . . . , 10) 
obey different boundary conditions on the two types of branes. Specifically, on 
the D(-l) branes we have Dirichlet boundary conditions in all directions, while on 
the D3 branes the longitudinal fields and tp^ 1 (/i = 1,2,3,4) satisfy Neumann 
boundary conditions, and the transverse fields X a and ip a (a = 5, . . . , 10) obey 
Dirichlet boundary conditions. 

The presence of the space-filling D3 branes and the orbifold projection break the 
10-dimensional Euclidean invariance group SO(10) into SO(4) xSO(2) xSO(4)i nt and 
therefore the 10-dimensional (anti-chiral) spin fields decompose as follows 

S A ^(S a S-S A ,S a S + S A ,S A S-S A ,S A S + S A ) ■ (2-1) 

where S a (S a ) are SO(4) Weyl spinors of positive (negative) chirality, Sa (S a ) are 
SO(4)i nt Weyl spinors of positive (negative) chirality and are SO(2) spin fields 
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with weight The chiral spin fields Sa are even under the orbifold generator, 

while the anti-chiral ones S A are odd. 

Since we consider a single type of fractional D3-branes, the Chan-Paton factors 
for the open string excitations are invariant under the orbifold. The orbifold pro- 
jection therefore reduces the massless spectrum to the bosonic states which arise by 
acting on the vacuum with the even fields ^ = (V> 5 +i^ 6 )/>/2 and !Pt = (^ 6 -ty 6 )/V2 
and to the fermionic states associated with the invariant spin fields S a S~SA or 
S*S + S A . 

For our present purposes it is enough to specify the spectrum of excitations of 
the open strings with at least one end-point on the D-instantons, which, as explained 
in Ref. 51 , describe the ADHM instanton moduli. Let us first consider the strings 
that have both ends on the D( — 1) branes and therefore describe the neutral moduli: 
in the NS sector the physical excitations are a^, x an d X > whose corresponding 
vertex operators are 

V a (z) = a^(z)e-^ , V x (z) = ^(^"^ , V x ,{z) = ^^je"^ (2-2) 

where <f> is the chiral boson of the superghost bosonization. In the R sector we 
find eight fermionic moduli which are conventionally denoted by M aA and X&a, an d 
correspond to the following vertex operators 

V M {z) = M aA S a (z)S-(z)S A (z)e- 1 2^ , V x (z) = X„ A S«(z)S+ (z)S A {z) e"^W . 

(2-3) 

Let us now consider the open strings that start on a D3 and end on a D(— 1) brane, or 
vice-versa and describe the charged moduli. These strings are characterized by the 
fact that the four directions along the D3 branes have mixed boundary conditions. 
Thus, in the NS sector the four fields ip^ have integer- mode expansions with zero- 
modes that represent the SO(4) Clifford algebra and the corresponding physical 
excitations are organized in two bosonic Weyl spinors of SO(4). These are denoted 
by Wa and Wa respectively, and are described by the following vertex operators 

V w (z) = WaA(z)S & (z)e-^ , Vv(z) = w & A(z)S & (z)e-^ . (2-4) 

Here A[z) and A(z) are the bosonic twist and anti-twist fields with conformal dimen- 
sion 1/4, that change the boundary conditions of the coordinates from Neumann 
to Dirichlet and vice- versa by introducing a cut in the world-sheet. In the R sector 
the fields ip^ have, instead, half-integer mode expansions so that there are fermionic 
zero-modes only in the common transverse directions. Thus, the physical excitations 
of this sector form two fermionic Weyl spinors of SO(4)j n t which are denoted by /i A 
and p, A respectively, and correspond to the following vertex operators 

V^z) = ii A A{z)S-{z)S A {z)e-^ z) , V-^z) = fl A A(z) S~ (z)S A (z) e"^ . 

(2-5) 

A systematic analysis ^* shows that, in the limit a' — > 0, the scattering amplitudes 
involving the above vertex operators give rise to the following "action" 

S m od =tr J - 2 [x ] , a' ][x, a""] + x ] WaW a x + X™a™ a X' 
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-i ^ M aA eAB [X f , M B a } + i ^ J^WV (2-6) 

where tr^ means trace over U(/c), f/ c (c = 1,2,3) are the anti-self dual 't Hooft 
symbols, and r c are the Pauli matrices. In ()2-7j) there appear also three auxiliary 
fields D c whose string representation is provided by the following vertex operators® 

V D (z) = \D c if^r(*W(*) ■ (2-7) 

As is well known ® , by simply taking e~ Smod one obtains the measure on the 
instanton moduli space, while by varying Smod with respect to D c and X a A one 
finds the bosonic and fermionic ADHM constraints. 

Notice that S mo( ± does not depend on the instanton center Xq nor on its super- 
partners 6 aA , which are, respectively, the U(l) components of and M aA , namely 

M aA = e aA i [k]x[k] + c A T c . 

The moduli Xq and 8 aA actually play the role of the M = 2 superspace coordinates, 
while the remaining moduli, collectively denoted by M.qa are the so-called "centered 
moduli". Using this decomposition, the fc-instanton partition function can then be 
written as 

Z {k) = J d 4 x d*9Z (k) (2-9) 

where 

%j = / dM {k) g-^-^^w) (240) 



is the centered jsartition function. It is worth pointing out that among the "cen- 
tered moduli" M{k) there is the singlet part of the anti-chiral fermions XaA which 
is associated to the super symmetries that are preserved both by the D3 and by 
the D(— 1) branes PI. Thus, despite the suggestive notation of Eq. (|2-9j) . one may 
naively think that the full D-instanton partition function cannot yield an F-term in 
the effective action, i.e. an integral on half superspace, due to the presence of the 
anti-chiral A^a's among the integration variables. Actually, this is not true since the 
Aq-a's, including its singlet part, do couple to other instanton moduli (see the last 
terms in Eq. (|2-7p ) and their integration correctly enforces the fermionic ADHM 
constraints on the moduli space. Therefore, the instanton partition function (|2 9[) 
does indeed yield non-perturbative F-terms. Things are very different instead for 
the exotic instantons that have been recently considered in the literature® . In this 
case, due to the different structure of the charged moduli, the \ a AS do not couple to 
anything and in order to get a non- vanishing result, they have to be removed from 
the spectrum, for example with an orientifold projection. 



*' This is to be contrasted with the 6 aA defined in (|2-8I) . which are associated to the supersym- 
metries preserved by the D3 but broken by the D(-l) branes. 
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Fig. 1. The mixed disk that describes the emission of a gauge vector field with momentum p 
represented by the outgoing wavy line. 



§3. The instanton solution from mixed disks 

The construction of the ADHM instanton moduli and of their integration mea- 
sure in terms of open strings given in the previous section clearly shows that gauge 
theory instantons are described by systems of D3/D(— 1) branes. There is however 
an even more convincing evidence in favor of this identification, namely the fact 
that the mixed disks of the D3/D(— 1) brane system are the source for the instanton 
background of the super Yang-Mills theory, and that the classical instanton profile 
can be obtained from open string amplitudes. 

For simplicity we will discuss only the case of instanton number k = 1 in a 
SU(2) gauge theory, but no substantial changes occur in our analysis if one considers 
higher values of k and other gauge groups (see Ref . ^ for these extensions) . Let us 
then consider the emission of the SU(2) gauge vector field A c from a mixed disk. 
The simplest diagram which can contribute to this process contains two boundary 
changing operators Vm and V w and no other moduli, and is shown in Fig. [TJ 
The amplitude associated to this diagram is 

(^Ld* " { V ^M- P) V W ) = A^;w, W ) (3-1) 

where Va c f—p) is the gluon vertex operator with outgoing momentum p and without 
polarization, namely 

V A%( _ p) = 2iT c {dX, - ip -Mr) e-^W ( 3 . 2 ) 

where T c is the adjoint SU(2) generator. Note that that the amplitude (|3-1|) carries 
the structure and the quantum numbers of an emitted gauge vector field of SU(2). 
The evaluation of the amplitude (|3-ip is quite straightforward and the result is ^ 

A c fl (p;w,w)=ip 2 p»f] c Ufl e- i P- x ° (3-3) 

where we have defined w a Wa = 2p 2 . By taking the Fourier transform of (|3-3p . after 
inserting a free propagator, we obtain 



t d 4 p 1 _ ■ 2p 2 r] c (x-x ) v 

= I J^fMP^)^ = { x _ XQ y • (3-4) 
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Eq. (!3-4j) is the leading term in the large distance expansion (i.e. \x — xq\ ^> p) of 
the SU(2) instanton with center xq and size p in the singular gauge, namely 

AC( , 2 P i % u (x-x y 2 P 2 % u (x-x G y / p* 

Al(x) = e _ ~ Jt _ ( i 



(X - Xq) 2 (x - Xq) 2 + p 2 



x ) 4 V ( x ~ x oY" 



(3-5) 

This result explicitly shows that mixed disk diagrams, like that of Fig. [H are the 
source for the classical gauge instanton. Note that the amplitude (|3-ip is a 3-point 
function from the point of view of the two dimensional conformal field theory on 
the string world sheet, but is a 1-point function from the point of view of the four- 
dimensional gauge theory on the D3 branes. In fact, the two boundary changing 
operators Vw and V w that appear in (|3-ip just describe non-dynamical parameters 
on which the background depends. Furthermore, the fact that the gluon field (|3-4p 
is in the singular gauge is not surprising, because in our set-up the gauge instanton 
is produced by a D(— 1) brane which is a point-like object inside the D3 brane world- 
volume. Thus it is natural that the gauge connection exhibits a singularity at the 
location xq of the D-instanton. 

An obvious question at this point is whether also the subleading terms in the 
large distance expansion (|3-5p have a direct interpretation in string theory. Since such 
terms contain higher powers of p 2 ~ w a Wa, one expects that they are associated to 
mixed disks with more insertions of boundary changing operators. This expectation 
has been explicitly confirmed in RefP , so that one can conclude that mixed disks 
with the emission of a gauge vector field do indeed reproduce the complete k = 1 
instanton solution. 



§4. Deformed Af = 2 instanton calculus 



In this section we analyze the instanton moduli space of J\f = 2 gauge theories 
in a non-trivial supergravity background. In particular we turn on a (self-dual) field 
strength for the graviphoton of the M = 2 supergravity multiplet and see how it 
modifies the instanton moduli action. This graviphoton background breaks Lorentz 
invariance in space-time (leaving the metric flat) but it allows to explicitly perform 
instanton calculations and establish a direct correspondence with the localization 
techniques that have been recently discussed in the literature ED>EDJI3 . 

In order to systematically incorporate the gravitational background in the in- 
stanton action, let us first discuss how to include the interactions among the in- 
stanton moduli and the gauge fields. Then, let us consider all correlators involving 
D3/D3 fields, and in particular the scalar <p in presence of k D-instantons. It turns 
out DD® © that the dominant contribution to the n-point function (<fii . . . <f> n ) is from 
n one-point amplitudes on disks with moduli insertions. The result can therefore be 
encoded in extra moduli-dependent vertices for 0's, i.e. in extra terms in the moduli 
action containing such one-point functions 

(<f>',M( k )) = (f>(x)J (f) (M {k) )+S mod (M ik) ) , (4-1) 
where x is the instanton center (previously denoted by xq) and (f>(x)J < f > (A4r k \) is given 
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by the disk diagrams with boundary (partly) on the D(-l)'s describing the emission of 
a 4>. To determine the complete action <S mod (</>; M) we have to systematically compute 
all mixed disks with a scalar <p emitted from the D3 boundary. Other non-zero 
diagrams involving the instanton moduli and the super-partners of 4> can be obtained 
using the Ward identities of the supersymmetries that are broken by the D(— 1) 
branes. Therefore, the complete superfield-dependent moduli action 5 mo d(^; -Mfk)) 
can be obtained from (14-lh by simply letting 4>{x) — ► <P(x, 6), with <P(x, 9) defined in 
Eq. (FT]). 

Let us now extend this argument to the supergravity background we want to 
include. The field content of N = 2 supergravity, namely the metric huv, the 
gravitini ip p A and the graviphoton C p can be organized in a chiral Weyl multiplet 

W+(x, 9) = F+(x) + 9xUx) + \ 0<? Xp e R; uXp (x) + • • • (4-2) 

where the self-dual tensor J~t v (x) can be identified on-shell with the graviphoton 
field strength, R pu x p ( x ) 1S the self-dual Riemann curvature tensor and x^v 1S the 
gravitino field strength. All these fields belong to the massless sector of type IIB 
strings on R 4 x C x C 2 /^- In particular, the graviphoton vertex is given bjO 



e lp-X(z,z) 



^(z,z) = ^^ AB (p)k(z)5-(z)5 A (z)e-^( 2 )5^(z)5-(z)5 B (z)e-5^) 

47T L 

(4-3) 

where the left-right movers identification on disks has already been taken into ac- 
count. The bi-spinor graviphoton polarization is given by 

jr{^)[AB] = f+ ^ )af S e AB (4 . 4) 

and corresponds to a R-R 3-form J-^ vz with one index in the C internal direction. 
To determine the contribution of the graviphoton to the field-dependent moduli 
action we have to consider disk amplitudes with open string moduli vertices on the 
boundary and closed string graviphoton vertices in the interior, which survive in the 
field theory limit ol — * 0. 

It turns out that very few diagrams (like the one represented in Fig. [2]) contribute 
in this limit. They can be easily evaluated and for instance for the diagram in Fig. 
[2] one finds 

VmVmVj:) = -^=tr k {M aA M^ B ^ u }(a^UeAB ■ (4-5) 

Other diagrams, connected by the broken supersymmetries, have the effect of pro- 
moting the dependence of the moduli action to the full Weyl multiplet, i.e. T^ v — > 



*' A different R-R field, with a similar structure, will be useful: 

V>( 2 , z) = ^-T M {p) [s a {z)S + {z)S A {z)e-^ ) S {z)S + {z)S h {z)e-^ ) ] 
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Fig. 2. Mixed disk describing the coupling among the instanton moduli and a closed string field. 

W+ U (x,9). In this way the superfield-dependent moduli action 5 mo d(^, W + ; M.^)) 
is obtained from the previous results. 

Integrating over the moduli, one gets the effective action, and hence the prepo- 
tential at instanton number k, namely 

S^,W+] = [ d*xd*6 dM (k) e-^~ S ^ W+ ^ 

\ (4-6) 

= / d 4 xd A e fV°\$,w + ) . 

Since <&(x, 0) and Wj u (x,6) are constant with respect to the integration variables 

•M(fc)> we can actually compute by reducing them to a constant value, i.e. 
<&(x,9) — ► a and W+ U (x,9) — > In this case the prepotential becomes just a 

function of the scalar and graviphoton v.e.v.'s and is determined by a "deformed" 
moduli action depending on a, a, /, /: 

S mod (a,a;f,f;M {k) ) = -tr fe {([ X t, a 'J + 2f c (r c a') a$ ) [[ X , a' $a ] + 2/ c (a'r c )^) 

- (x f ^a - ^ A a) (w a x - a w a ) - (xwa - Wa a) {w a x i - a w a ) I (4-7) 

+i ^ tr k {fi A e AB (/, V -a» B )-\ M aA e AB ([^, M<f] + 2 / c (r c ) Q/3 M^) } 

tr fe {-iL» c ( U ; d (T c )i^ + i^[a //1 ! a ,1/ ]) + iA^(/2^ d + ^ + [a' ad , M ,aA ] ) } . 

Notice that the ADHM constraints, appearing in the last line of (|4-7p . are not mod- 
ified by the graviphoton background. 

In the action (|4-7p the v.e.v.'s a, f and a, f are not on the same footing. Indeed, 
one can write 

S mod (a,a;f,f;M {k) ) = QS (4-8) 
where Q is the scalar component of the twisted supercharges, i.e. 

where the topological twist acts as Q aB to ?_!5 lst Q a @ . It turns out that the parameters 
a, f appear in 5 mG( j only through the gauge fermion S, and thus the instanton 
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partition function and the prepotential in Eq. H4-6H are in fact independent of 
a,/, because their variation with respect to these parameters is Q-exact. 

From the explicit expression of <S mo d(a, 0; /, 0) the general form of the prepoten- 
tial F( fc )(o;/) can be easily deduced; reinstating the superfields it reads 



P ( * ) (*,W + ) = Ec*, fc # a (^ 4 *(^) afc • (4-10) 
h=o V / V / 

Summing over the instanton sectors we obtain the full non-perturbative prepotential 

OO CO 

F n . p .(<2>, W+) = J2 F(fc) (^, W + ) = £ C h (A, <P)(W + ) 2h , (4-11) 

k=l h=0 

where 

C h (A^)=J2c k , hW j^- 2 . (4-12) 

k=l 

This gives rise to many different terms in the effective action, which is obtained, see 
Eq. (|4-6p . by integrating the prepotential over d 4 xd 4 6. In particular, saturating the 
6 integration with four 0's all from W + we get gravitational F-terms in the N = 2 
effective action involving the curvature tensor and graviphoton field strength 

j d 4 x C h (A, 0) {R + )\F + ) 2h - 2 . (4-13) 

The stringy instanton calculus accounts thus for such F-terms, and it gives a way 
to compute them, because the coefficients C\~ ^ can be explicitly determined by per- 
forming the integrals over the instanton moduli space. 

This is a formidable task, that was finally performed in Refs. HHinSJID ; using 
a suitable "deformation" of the moduli action which localizes the integrals. This 
localization deformation exactly coincides with Eq. (|4-7j) if we set 

fc = ^S 3c , f c = ^S 3c , (4-14) 

(and moreover e = e). 

As we remarked above, Z^ k \a,e) does not depend on e. However, e = is a 
limiting case and some care is needed. In fact, while F"(o;e) is well-defined, the 
complete partition function (a; e) diverges because of the (super)volume integral 
J d 4 xd 4 9. The presence of e regularizes the superspace integration by a Gaussian 
term, leading to the following effective rule: 

J d 4 xd A 6 -» l/e 2 ; (4-15) 

one can then work with the full instanton partition function. Moreover, the a and 
e, e deformations localize completely the integration over moduli space which can 
then be evaluated explicitly HSJ,HS),[nj . 
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With 0, i.e. with complete localization, the trivial superposition of several 
instantons of charges fcj contributes to the sector k = ^2kf, such disconnected config- 
urations do not contribute instead when e = 0. The partition function computed by 
localization thus corresponds in this case to the exponential of the non-perturbative 
prepotential, namely 



Z(a; s) = J2 Z^(a; e) = exp f^A\ = eX p (f) 
k=i \ - / \k=l 



e 2 



\h=0 k=l v 



(4-16) 



In conclusion, the computation via localization techniques of the multi-instanton 
partition function Z{a; e) determines the coefficients ^ which appear in the grav- 
itational F-terms of the N = 2 effective action Eq. (|4-13|) via the expression of 
C h (A,4>) given in Eq. (|¥TT]) . 

The very same gravitational F-terms can been extracted in a completely different 
way by considering topological string amplitudes at genus h on suitable Calabi-Yau 
manifolds 13 S . In our computation the role of the genus h Riemann surface 
is played by a (degenerate) surface with the same Euler number made by 2h dis- 
connected disks, instead of h handles. The two different roads to determine the 
-F-couplings of Eq. (|4-13p must lead to the same result. This is a very natural 
way to state the conjecture by N. Nekrasov ^ that the coefficients arising in the 
e-expansion of multi-instanton partition functions match those appearing in higher 
genus topological string amplitudes on Calabi-Yau manifolds. 

Acknowledgements 

We would like to thank F. Fucito and I. Pesando for many useful discussions. We 
thank the Galileo Galilei Institute for hospitality and support. This work is partially 
supported by the European Commission FP6 Programme MRTN-CT-2004-005104, 
in which A.L. is associated to University of Torino, and by Italian MUR under 
contract PRIN-2005023102. 

References 



(1998) arXiv:hep-th/9604198 



1) E. Witten, Nucl. Phys. B460 (1996) 541 arXiv:hep-th/9511030 . 

2) M. R. Douglas, "Branes within branes" arXiv:hep-th/9512077 ; J. Geom. Phys. 28, 255 



3) M. B. Green and M. Gutperle, JHEP 0002 (2000) 014 [arXiv:he p-th/0002011 

4) N. Dorey, T. J. Hollowood, V. V. Khoze and M. P. Mattis, Phys. Kept. 371 (2002) 



231 arXiv:hep-th/0206063 . M. Bianchi, S. Kovacs and G. Rossi, "Instantons and 



supersymmetry," arXiv:hep-th/0703142 
5) M. Billo, M. Frau, 1. Pesando, F. Fucito, A. Lerda and A. Liccardo, JHEP 0302 
(2003) 045 |arXiv:hep-th/0211250j; M. Frau and A. Lerda, Fortsch. Phys. 52 (2004) 606 



arXiY:!iq>-t!)/UHHU(>2 



6) M. Billo, M. Frau, S. Sciuto, G. Vallone and A. Lerda, JHEP 0605 (2006) 069 



arXiv:hep-th/0511036 . 

7) M. TMo, W. Frau, I. Pesando and A. Lerda, JHEP 0405 (2004) 023 



M. Billo, M. Frau, A. Lerda 



arXiv:hep-th/0402160 ; M. Billo, M. Frau, F. Lonegro and A. Lerda, JHEP 0505 (2005) 
047 arXiv:hep-th/0502084 . 

R. Blumenhagen, M. TTvetic and T. Weigand, Nucl. Phys. B 771 (2007) 113 
[arXiv :hep-th/06091 9l]. L E. Ibanez and A. M. Uranga, JHEP 0703 (2007) 
052 |arXiv:hep- th/0609213 1. B. Florea, S. Kachru, J. McGr eevy and N. S aulina, 
arXivd iep-tli/0610003| S. A. Abel and M. D. Goodsell, |arXiv:hep-th /06121 10| 
N. Akerblom, R. Blumenhagen, D. Lust, E. Plauschinn and M. Schmidt-Sommerfeld, 
JHEP 0704 (2007) 076 [arXiv:hep-th/0612132l . M. Bian chi and E. Kiritsis. 
arXivihep-th /0702015| M. Cvetic, R. Richter and T. Weigand, |arXiv:hep-th/07 03028 



R. Argurio, M. Bertolini, G. Ferretti, A. Lerda and C. Petersson, arXiv:0704.0262 [hep- 
th]. M. Bianchi, F. Fucito and J. F. Morales, larXiv:0704.0784l [hep-th]. L. E. Ibanez, 
A. N. Schellekens and A. M. Uranga. larXiv:0704.1079l [hep-th]. 
9) M. Billo, M. Frau, F. Fucito and A. Lerda, JHEP 0611 (2006) 012 ar Xiv:hep-th /06060131 . 

10) N. A. Nekrasov, Adv. Theor. Math. Phys. 7 (2004) 831 [arXiv:hep- th/020616TT~ 

11) A. S. Losev, A. Marshakov and N. A. Nekrasov, "Small instantons, little strings and free 
fermions" arXiv:hep-th/0302191 ; N. Nekrasov and A. Okounkov, "Seiberg-Witten theory 
and random partitions" arXiv:hep-th/0306238 . 

12) F. Fucito and G. Travaglini, Phys. Rev. D 55 (1 997) 1099 arX iy:hep-th/9605215| . 

13) T. J. Hollowood, JHEP 0203 (2002) 038 larXiv:hep-th/0201075| . ~ 

14) I. Antonia dis, E. Gava , K. S. Narain and T. R. Taylor, Nucl. Phys. B 413 (1994) 162 
[arXiv:hep-th/9307158 



15) R. Flume and R. Poghossian, Int. J. Mod. Phys. A 18 (2003) 2541 [arXiv:hep-t h/0208176 
R. Flume, F. Fucito , J. F. Morales and R. Poghossian, JHEP 0404 (2004) 008 
[arXiv:hep-th/0403057| . 

16) M. Green and M. Gutper le, Nucl. Phys. B498 (1997) 195 [arXiv:hep-th/9701093| ; 
JHEP 9801 (1998) 005 [arXiv:hep-th'/9711107| ; Phys. Rev. D58 (1998) 046007 
arXiv:hep-th/ 9804123 . 

17) M. Bershadsky, S. Geco tti, H. Ooguri and C. Vafa, Commun. Math. Phys. 165 (1994) 311 
arXiv:hep-th/9309140 . 



